We introduce a Halpern-type iteration for a generalized mixed equilibrium problem in uniformly smooth and uniformly convex Banach spaces. Strong convergence theorems are also established in this paper. As applications, we apply our main result to mixed equilibrium, generalized equilibrium, and mixed variational inequality problems in Banach spaces. Finally, examples and numerical results are also given.
Introduction
Let E be a real Banach space, C a nonempty, closed, and convex subset of E, and E * the dual space of E. Let T : C → C be a nonlinear mapping. The fixed points set of T is denoted by F T , that is, F T {x ∈ C : x Tx}. One classical way often used to approximate a fixed point of a nonlinear self-mapping T on C was firstly introduced by Halpern 1 which is defined by x 1 x ∈ C and x n 1 α n x 1 − α n Tx n , ∀n ≥ 1, 1.1
where {α n } is a real sequence in 0, 1 . He proved, in a real Hilbert space, a strong convergence theorem for a nonexpansive mapping T when α n n −a for any a ∈ 0, 1 .
A1 f x, x 0 for all x ∈ C;
A2 f is monotone, that is, f x, y f y, x ≤ 0 for all x, y ∈ C;
A3 for all x, y, z ∈ C, lim sup t↓0 f tz 1 − t x, y ≤ f x, y ; A4 for all x ∈ C, f x, · is convex and lower semicontinuous.
The purpose of this paper is to investigate strong convergence of Halpern-type iteration for a generalized mixed equilibrium problem in uniformly smooth and uniformly convex Banach spaces. As applications, our main result can be deduced to mixed equilibrium, generalized equilibrium, mixed variational inequality problems, and so on. Examples and numerical results are also given in the last section.
Preliminaries and Lemmas
In this section, we need the following preliminaries and lemmas which will be used in our main theorem.
Let E be a real Banach space and let U {x ∈ E : x 1} be the unit sphere of E. A Banach space E is said to be strictly convex if, for any x, y ∈ U, x / y implies x y 2 < 1.
2.1
It is also said to be uniformly convex if, for any ε ∈ 0, 2 , there exists δ > 0 such that, for any x, y ∈ U,
It is known that a uniformly convex Banach space is reflexive and strictly convex. Define a function δ : 0, 2 → 0, 1 called the modulus of convexity of E as follows: We make use of the following mapping V studied in Alber 37 :
for all x ∈ E and x
Lemma 2.7 see 39 . Let E be a reflexive, strictly convex, smooth Banach space. Then
for all x ∈ E and x * , y * ∈ E * .
Lemma 2.8 see 25 . Let C be a closed and convex subset of a smooth, strictly convex, and reflexive Banach space E, let f be a bifunction from C × C to R which satisfies conditions A1 -A4 , and let r > 0 and x ∈ E. Then there exists z ∈ C such that
Following 25, 40 , we know the following lemma.
Lemma 2.9 see 41 . Let C be a nonempty closed and convex subset of a smooth, strictly convex, and reflexive Banach space E. Let A : C → E * be a continuous and monotone mapping, let f be a bifunction from C × C to R satisfying A1 -A4 , and let ϕ be a lower semicontinuous and convex function from C to R. For all r > 0 and x ∈ E, there exists z ∈ C such that
2.13
Define the mapping T r : E → 2 C as follows:
Journal of Applied Mathematics
Then, the followings hold:
2 T r is firmly nonexpansive-type mapping [42] , that is, for all x, y ∈ E, for all x, y ∈ dom T see 42 .
The following lemmas give us some nice properties of real sequences.
Lemma 2.11 see 43 . Assume that {a n } is a sequence of nonnegative real numbers such that
where {α n } is a sequence in 0, 1 and {b n } is a sequence such that
Then lim n → ∞ a n 0.
Lemma 2.12 see 44 . Let {γ n } be a sequence of real numbers such that there exists a subsequence {γ n j } of {γ n } such that γ n j < γ n j 1 for all j ≥ 1. Then there exists a nondecreasing sequence {m k } of N such that lim k → ∞ m k ∞ and the following properties are satisfied by all (sufficiently large) numbers k ≥ 1:
2.18
In fact, m k is the largest number n in the set {1, 2, . . . , k} such that the condition γ n < γ n 1 holds.
Main Results
In this section, we prove our main theorem in this paper. To this end, we need the following proposition.
Proposition 3.1. Let C be a nonempty closed and convex subset of a reflexive, strictly convex, and uniformly smooth Banach space E. Let f be a bifunction from C × C to R satisfying A1 -A4 , A : C → E * a continuous and monotone mapping, and ϕ a lower semicontinuous and convex function Lemma 2.9 . Suppose that x ∈ C and {x n } is a bounded sequence in
Proof. Let x ∈ C and put p Π GMEP f,A,ϕ x. Since E is reflexive and {x n } is bounded, there exists a subsequence {x n k } of {x n } such that x n k v ∈ C and lim sup
On the other hand, since E is uniformly smooth, J is uniformly norm-to-norm continuous on bounded subsets of E. So we have
By the definition of T r n k , for any y ∈ C, we see that
By A2 , for each y ∈ C, we obtain
3.6
For any t ∈ 0, 1 and y ∈ C, we define y t ty 
3.9
It follows that f y t , y ϕ y − ϕ y t 1 − t Ay t , y − v ≥ 0.
3.10
By A3 , the weakly lower semicontinuity of ϕ, and the continuity of A, letting t → 0, we obtain
This shows that v ∈ GMEP f, A, ϕ . By Lemma 2.4, we have lim sup
This completes the proof. Proof. From Lemma 2.9 4 , we know that GMEP f, A, ϕ is closed and convex. Let p Π GMEP f,A,ϕ x. Put y n T r n x n and z n J −1 α n Jx 1 − α n Jy n for all n ∈ N. So, by Lemma 2.5, we have
3.14 By induction, we can show that φ p, x n ≤ φ p, x for each n ∈ N. Hence {φ p, x n } is bounded and thus {x n } is also bounded. We next show that if there exists a subsequence {x n k } of {x n } such that
Since α n k → 0,
Since J is uniformly norm-to-norm continuous on bounded subsets of E, so is J −1 . It follows that
Since E is uniformly smooth and uniformly convex, by Lemma 2.6, Π C is uniformly norm-tonorm continuous on bounded sets. So we obtain
and hence
Furthermore, lim k → ∞ φ x n k 1 , y n k 0. Indeed, by the definition of φ, we observe that
3.21
It follows from 3.19 and 3.20 that lim k → ∞ φ x n k 1 , y n k 0. On the other hand, from Remark 2.1 2 , we have
3.22
It follows from 3.20 and 3.21 that lim
We next consider the following two cases.
Case 1. φ p, x n 1 ≤ φ p, x n for all sufficiently large n. Hence the sequence {φ p, x n } is bounded and nonincreasing. So lim n → ∞ φ p, x n exists. This shows that lim n → ∞ φ p, x n 1 − φ p, x n 0 and hence
Since T r n is of firmly nonexpansive type, by Remark 2.10, we have φ y n , p φ p, y n φ y n , x n φ T r n p, p ≤ φ y n , p φ p, x n , 3.24 which implies φ p, y n φ y n , x n ≤ φ p, x n .
3.25
Hence
as n → ∞. By Lemma 2.2, we obtain
Proposition 3.1 yields that lim sup
It also follows that lim sup
Finally, we show that x n → p. Using Lemma 2.7, we see that
3.30
Set a n φ p, x n and b n α n Jx − Jp, z n − y n Jx − Jp, y n − p . We see that lim sup n → ∞ b n /α n ≤ 0. By Lemma 2.11, since ∞ n 1 α n ∞, we conclude that lim n → ∞ φ p, x n 0. Hence x n → p as n → ∞.
Case 2.
There exists a subsequence {φ p, x n j } of {φ p, x n } such that φ p, x n j < φ p, x n j 1 for all j ∈ N. By Lemma 2.12, there exists a strictly increasing sequence {m k } of positive integers such that the following properties are satisfied by all numbers k ∈ N:
So we have
3.32
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This shows that
Following the proof line in Case 1, we can show that lim sup
3.34
This implies
3.35
Hence lim k → ∞ φ p, x m k 0. Using this and 3.33 together, we conclude that
This completes the proof.
As a direct consequence of Theorem 3.2, we obtain the following results. Tables 1 and 2 show that the sequence {x n } converges to 0 which solves the generalized mixed equilibrium problem. On the other hand, using Lemma 2.9 3 , we can check that GMEP f, A, ϕ F T r {0}.
Conclusion
Remark 5.1. In the view of computation, our algorithm is simple in order to get strong convergence for generalized mixed equilibrium problems.
